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Dreams of A. Einstein: Unifications of interacting forces of nature

1920’s known forces: Gravity and Electro-Magnetic forces(Matters)



General Relativity: Einstein-Hilbert action

S(g) = /M4 Ry/—gd's
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1
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Electro-Magnetic forces obey Maxwell equations:
1 w1
s :/—ZFW,F + 7 Tus
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Unification of gravity and electro-magnetic fields: Kaluza-Klein compactifications
M® = M* x S!
ds? = Ygmndr™dz"
= e 3%, dxtdz” + **/3(df + A,dx")?
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Au(z,0) = DA, ,e¥™



Only keeping the lightest modes: g,..0, 4,0
The Einstein-Hilbert action

S(g) = /M5 Ry/—gdx

reduces to the Einstein-Hilbert-Yang-Mills action
1
S(9.4,9) = | V=gd*e(R + |dD[* — Sl ")
M

Conclusion:

We have unified gravity-electro-magnetic forces by using a five dimensional gravity!



String/M Theory is to realize A. Einstein’s dream in broadest generality
We have four fundamental forces: gravity and matters: electro-magnetic, weak and strong
Matters obey laws in gauge theories with gauge groups: U(1),SU(2) x U(1),SU(3) x SU(2) x U(1)

Standard models were constructed in 1970’s and it fits with experiments very well



Gravity is generalized to super-gravity to incorporate super-symmetry

SUGRA is a local gauge theory with gauge symmetry the SUSY algebra



M Theory: 11 dimensional Super-gravity
Fields: a metric Gy, a gravitino ¢, and a three form Ap;np

The bosonic action of the 11D Supergravity:

1 1
%S = /d”:cx/_—G(R - SRR - /A3 A Fy A .



Supersymmetric solutions:

1
oWy = Ve + E(FMF4 —3F),)e =0,

e are Killing spinors.
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Type ITA String theory from M theory by dimensional reduction

Mll — MlO X Sl

ds? = Ygmndr™dz"
= e 23%g,, do"da” + e**/3(df + A,dat)?
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The bosonic action of Type IIA is:

S = Sng+ Sp+ Scs

1 1
SNS = @/dlox\/ _g(R + 48;/,@6“@ - §|H3|2)?
1
Sw =~ [ " eV=g (Bl + IR,

1
SCS:—E/BQ/\A4/\A4.
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Super-symmetric solutions

1 1 1
00, = (Vu— ZHijn - geq)prFZpD + geq’F‘lF#)e =0,

1 1 1 1
0N = (_grﬂaucbrn + 6H3 — 16¢F2 + Eeq)F‘an)e =0,

dH = 0.
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Compactifications of 10D theory to a 4D theory
M1,9 — Rl,S % MG
€12 = 2§12 @ M2
No fluxes: Covariant constant spinor and Calabi-Yau manifold

Vn=20
Yau’s theorem: For a Kahler manifold M with ¢;(T'M) = 0, there exists a Ricci flat metric.
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Moduli space of Calabi-Yau manifolds
Symplectic structures w and complex structures §2

M= Mg x Mc C HY (M) x H*(M)
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Special geometry over M

M is a Kahler manifold with the Kahler metric:

1 — _
ds’ = & /M6 9°9°*(09acO 95 + (090d09ch — 0 Bagd Bep)da.

It is a Kahler metric with Kahler potential:

ef = —i/Q/\Q,

1,1 .
e :—z/w/\w/\w.

Much of developments in string theory depend on this special geometry!

16



Mirror symmetry: one Calabi-Yau M, is mirror to another Calabi-Yau M,

Mg (M) = Mo (My).

Web of dualities of string theories
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Turning on fluxes: Nervu-Schwarz fluxes and Ramond-Ramond fluxes

Super-symmetric solutions

1 1 1
oW, = (Vu— ZHijn - geq)prFZpﬂ + geq’F‘lF#)e =0,

1 1 1 1
S\ = (—grﬂaﬂru + 6H3 - Z&F? + ﬁe<I’F4FH)e =0,

dH = 0.
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Existence of two non-vanishing spinors: an almost generalized SU(3) x SU(3) structure
Structure group reduction from SO(6,6) to SU(3,3)

We have two SU(3) invariant spinors € o

p = Y& treidr, N ... ANdx,,

€1 =€, p=1+wh! + Q3% + Hodge dual
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Supersymmetric solutions are integrable generalized SU(3) x SU(3) structures

dg =d+ HN.

Those are generalized Maxwell-Hodge equations.
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The moduli space of almost generalized SU(3) x SU(3) structures over a vector space:

M = SO(6,6)/SU(3,3) = U,/C"

Over a manifold we have a bundle:

U,/C* — & — M°
The space of generalized SU(3) x SU(3) structures is:

M ={d c E(M®)|d® = 0}
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Turning on all fluxes: the space of N = 1 string vacua is:

M={dc EMO|dy® = 0,dyp = +F}

Finally, the moduli space of N=1 string vacua is:

M= M/Dif fo(M°)
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The Period map: Taking dy cohomology classes
Gualtieri: the 00y lemma is true for a generalized Kahler manifold

Goto: If the OOy lemma is true, then the period map is injective.

M={dc&M®|dyg® =0,dyp =0}

is included in the space of dy cohomologies
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Special geometries over M

Constant symplectic structure over M

w((I)l,CI)g) = / < Dy, Py >,
M6
Mukai Pairing :< @1, @3 >= 3, ®1 , A Py .

We have: dw = 0,

w = Ndz™ A dyg-.
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Complex structure over M

Stable spinor decomposed into pure spinors:® = ¢ + ngS
Xip=¢+o—p=—ip+ig,
DX.DX = —Id.
I = DXdefines an intregrable complex structure over.M

w(®,®) = (Z8Fx — ZXFg),

7K Fy are two independent complex coordinates.
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Hitchin functional and the Kahler metric over M

H((I)):/ i< >,
MG
The Kahler metric over M is:

ds? = Y0,sHdx™ @ dx”.

The Kahler potential is: K = —log H.
We finally have:

e K(®) _ H(®) = iw(P, cI)) = i(ZKFK — ZKF’K).
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Topological strings
The moduli space is acted by mapping class groups, Dif f*(M)/Dif fi" (M) x Ho(M,Z)
The mapping class group acts on the space of cohomologies which is a vector space
This gives a flat connection on the moduli space of generalized Calabi-Yau manifold (Gauss-Manin connection)
We can construct topological strings over a generalized Calabi-Yau manifold.

Q: Can we generalize Ooguri-Strominger-Vafa’s conjecture to generalized Calabi-Yau manifolds?
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Flux compactifications and Supersymmetry breaking

By introducing RR fluxes, we break half of supersymmetries
de = Oa

RR fluxes are coupled with D-branes, generalized D-branes are generalized sub-manifolds
Q: How about the moduli space and what are the BCFT?

Q: Can we build more realistic standard model with all fluxes turning on?
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Mirror symmetry for generalized Calabi-Yau manifolds
It is just exchanging two generalized complex structures

In the case of Calabi-Yau, it is exchanging complex and symplectic structures
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Q: How about compactifications of M theory to a seven dimensional manifolds?
The answer would be generalized Gy manifolds.
Special geometries for generalized G5 structures
Still have stable spinors and constant symplectic forms and Hitchin functional
Q: Are they giving the same set of 4D N=1 string vacua?

A: They should be the same and this is duality!
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